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Abstract. We introduce W-spin structures on a Riemann surface Z and give a precise 
definition to tlie corresponding W-spin equations for any quasi-homogeneous polynomial 
W. Then, we construct examples of nonzero solutions of spin equations in the presence 
of Ramond marked points. The main result of the paper is a compactness theorem for 
the moduli space of the solutions of W-spin equations when W = W{xi , . . . ,.v,) is a non- 
degenerate quasi-homogeneous polynomial with fractional degrees (or weights) qi < \/2 
for all I. In particular, the compactness theorem holds for the superpotentials £5, £7, fig, or 
A„_i,Z)„+i forn > 3. 
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1. Introduction 

Since Donaldson's remarkable work in the 1980's regarding anti-self dual equations on 
4-manifolds, the study of the solution space (moduli space) of a nonlinear elliptic PDE 
has attracted a great deal of attention in geometry and topology. For example, the fa- 
mous Donaldson invariants, Seiberg-Witten invariants and Gromov-Witten invariants were 
constructed out of the moduli space of anti-self dual Yang-Mill's equations, the Seiberg- 
Witten equations, and the d equation, respectively. These invariants have revolutionized 
many subjects of mathematics. There is a well-known program originated by Donaldson 
and Taubes to construct invariants out of an elliptic equation. The first, and often most 
important, step is to study the analytic properties of equations such as compactness and 
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Fredholm theory. Once the elUptic equation under study possesses nice analytic proper- 
ties, we can apply sophisticated machinery to extract topological invariants. It is often a 
difficult problem to show that an elliptic equation has "nice" analytic properties. In terms 
of the analytic framework, the best understood ones are conformally invariant first order 
equations such as the anti-self dual equation on a 4-manifold and the (9-equation in two di- 
mensions. One can understand these two types of equations through Uhlenbeck's bubbling 
analysis. Beyond conformally invariant equations, there is not yet a standard framework. 
In this paper, we study a new type of elliptic equation (spin equation) on Riemann surfaces 
introduced by Witten. A spin equation is of the form 



' dui ' 

where W is a quasi-homogeneous polynomial, and m, is interpreted as the section of an 
appropriate orbifold line bundle on a Riemann surface E. Typically, a spin equation is not 
conformally invariant. 

The simplest spin equation (A^-i case) is of the form 

It was introduced by Witten ll24l more than ten years ago as a generalization of topological 
gravity. Somehow, it was buried in the literature without attracting much attention. Re- 
cently, Witten generalized it to a spin equation for an arbitrary quasi-homogeneous poly- 
nomial [25 1 and coined it the "Landau-Ginzburg A-model." There appears to be a mirror 
symmetry between this theory and usual Landau-Ginzburg theory (B-model) [ITSIITS I. The 
construction of invariants and the application to mirror symmetry will be left to a separate 
article. We will focus on the analytic aspect of the theory. 

We begin with a brief history of the motivation behind the spin equation. Around 1990, 
Witten proposed a remarkable conjecture relating the intersection number of the Deligne- 
Mumford moduli space of stable curves with the KdV integrable hierarchy |23|. His con- 
jecture was soon proved by Kontsevich 1 14|. About the same time, Witten also proposed 
a generalization of his conjecture. In his generalization, the stable curve is replaced by a 
certain root of the canonical bundle (spin-curve) and the KdV-hierarchy was replaced by 
certain, more general, KP-hierarchies called nKdV, or Gelfand-Dikii, hierarchies. Since 
then, the moduli space of spin-curves has been rigorously constructed by the second au- 
thor and his collaborators ITl l9l [TOl [TTIl . 

An important phenomenon in the theory of spin curves is the appearance of Neveu- 
Schwarz and Ramond marked points. Recall that m, is the section of a certain orbifold line 
bundle L,-. Assume that all the orbifold points are marked points. A marked point with triv- 
ial orbifold structure is called a Ramond marked point, and otherwise it is called a Neveu- 
Schwarz marked point. Contrary to intuition, Ramond marked points are much harder to 
study than Neveu-Schwarz marked points. If there is no Ramond marked point, a simple 
lemma of Witten's shows that the spin equation has only the zero solution. Therefore, our 
moduli problem becomes an algebraic geometry problem. In fact, Witten conjectured that 
the contribution of a Ramond marked point to the corresponding field theory is zero in the 
Ar-i case (the decoupling of the Ramond sector). This was proved true for genus zero 
in ifTTl and for higher genus in |19|. This is partly why the moduli space of spin curves 
has been around for a long time while the spin equation seems to have been lost in the 
literature. In the course of our investigation, we discovered that in the D„-case the Ramond 
sector gives a nonzero contribution. Hence, we have to develop a theory to account for the 
contribution of the solution of the spin equation in the presence of Ramond marked points. 
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The situation would be relatively simple if one could show that the solution has to be zero 
as in the case of pure Neveu-Schwarz marked points. Unfortunately, this is not the case, as 
we were able to construct a nonzero solution of the spin equation. Therefore, we have no 
choice but to develop a full moduli theory of spin equations with Ramond marked points. 
This is the first of a series of articles to accomplish that task. 

Define Jiy^y^) to be the space of regular solutions (mi, . . . ,m,) of the W-spin equa- 
tions on E, and let ^(E,W) be the solution space of W-spin equations which contains 
both the regular and the singular solutions. Now we can formulate our main theorems as 
follows: 

Theorem 1.1 (Inner compactness). Suppose W — Wixx ,x,) to be a non-degenerate 
quasi-homogeneous polynomial with fractional degrees (or weights wf (x, )j qi = wf (x, ) < 
1/2. LetE{u) := I^.i-.RamondLj-.Wjh Ramond at z, ^^^z, {^Ml ,---,u,))be the residue map from 
Jir^.W) toC. Then 

(1) for any a € C \ [0,oo), we have E^^{a) — 0; and 

(2) for any a € [0,°°), ii^' ([0,a]) is a compact space in the L'l topology for 2 < p < 
-j^, where d — minjg'i, . . . ,q,}. 

Theorem 1.2 (Weak compactness). Suppose W — W{xi,. . . ,Xt) to be a non-degenerate 
quasi-homogeneous polynomial with fractional degrees (or weights wt{xi)) qi = wf (x,) < 
1 /2. For any e > 0, let Eg be the subset ofY, consisting of points which are distance at least 
£ away from Ramond marked points. Then the restriction of ^(Y.,W) to E^ is compact in 
L^{'Lg)for2 <p< -frg. where 5 = minj^i , . . . ,^,}. 

Theorem 1.3 (Strong compactness). Suppose W — W{xi, . . . ,Xt) to be a non-degenerate 
quasi-homogeneous polynomial with fractional degrees (or weights wf(x, )j q, = wf (x, ) < 

Ifi X • • • X V' 

1 /2. Then ^{L^W) is compact with respect to the topology in ^ ^ '/or Q < pi < 

t 

2(1 — 2qi) I qi. In particular, we have 

(1) If W is the Ar-i-superpotential, then ^(E,W) is compact with respect to the 
topology in LP for 1 < p <2{r — 2). 

(2) IfW is the D„-superpotentialfor n >4, then ^(E, W) is compact with respect to 
the topology in L^^ x LP^ for I < pi < 2(n-2),0 < P2 < 4/(«- 1). 

(3) IfW is the Ed superpotential, then .y^(Y,,W) is compact with respect to the topol- 
ogy in X LPifor 1 < < 2, 1 < p2 < 4. 

(4) IfW is the Ej superpotential, then ^(E, is compact with respect to the topol- 
ogy in LPi X LP^for 1 < pi <2,l < p2 < 5. 

(5) IfW is the Eg superpotential, then ^(E, W) is compact with respect to the topol- 
ogy in LPi X LP^ for 1 < pi < 2,1 < p2 < 6. 

Remark 1 .4. Because of the W-spin structure, W (m i , . . . , ) takes value in the log-canonical 
bundle, hence we can take the residue at the Ramond marked points. Theorem 11.11 means 
that a sequence of points {m' = {u[,. . . ,m,')} in ^r{'^,W) loses compactness if and only if 
E{u') +00. The crucial identity connecting the total residue and the natural energy of 
the sections will be given in Theorem |5.5l Theorem |1.2| means that all the possible blow-up 
points of a sequence of solutions in ^(E,W) are Ramond marked points. Theorem 1 1.31 
means that we can compactify the space ^rC^jW) in some LP topology so that its closure 
isjust^(E,W). 

Remark 1.5. Our requirement for the fractional degrees of W is sharp. If the fractional 
degree qi = 1/2 for some /, then the weak and the strong compactness theorems may not 
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be true. For example, we can consider the Ai-case, where the fractional degree is 1/2 and 
the spin equation is 

du + rii = 0. 

This is a real-linear equation: if m is a solution, then Am is also a solution for any A e K. 
Thus Theorem ll.2l and Theorem ll.3l do not hold. 

This paper is organized as follows. In Section 2, we will introduce the W-spin equations 
and their basic properties. In Section 3, we will present our key example of a nonzero solu- 
tion of the spin equation in the presence of two Ramond marked points. More importantly, 
we construct a sequence of regular nonzero solutions converging to a singular one. This 
indicates the complexity of the problem. In Section 4, we give the estimate of the d 
operator in certain natural weighted Sobolev spaces arising in the problem and prove d is 
a Fredholm operator under some mild constraints. The core of the paper is in the last two 
sections, where we establish the three compactness theorems. We will prove Theorem ll.il 
in Section|5]and Theorem ll.2l41.3l in Section|6] 

2. Spin structures on orbicurves and spin equations 

In this section, we will introduce W-spin structures on orbicurves, where W G C[xi , . . . 
is a non-degenerate quasi-homogeneous polynomial. By means of W-spin structures, one 
can define the W-spin equations on orbicurves. 

Let W e Clx i,...,Xt] be a quasi-homogeneous polynomial, i.e., there exist degrees 
d,ki,...,ktG 1?^ such that for any A S C* 

W(A^'ixi, . . . ,X^'xt) = A''w(xi, . . . ,xt). 

Definition 2.1. W is called nondegenerate if 

(1) the fractional degrees qt = ^ are uniquely determined by W; and 

(2) the hypersurface defined by W in weighted projective space is non-singular, or equiva- 
lently, the affine hypersurface defined by W has an isolated singularity at the origin. 

Remark 2.2. Although the first condition does not play an essential role in this paper, it is 
essential for producing a compact moduli space of orbicurves with spin structure, which 
is a major part of the motivation for this paper Thus we will not hesitate to use this 
assumption whenever it is convenient. 

From now on, we always assume the quasi-homogeneous polynomial W is nondegener- 
ate and the corresponding degrees d,ki,...,kt ofW are the least positive integer degrees. 

Example 2.3. 

(1) We call W{x) = x'' the A^-i superpotential. In this case, the variable x has weight 
qx = l/r. 

(2) We call W{x,y) = x" +xy^ the D„+i superpotential; it has = 1/n and qy = 

(3) Similarly, we call W{x,y) — x^ + y'^,W{x,y) — x^ +xy^ , and W{x,y) — x^ +y^, 
the E^tEt, and E^ superpotentials, respectively, and their weights are {qx,qy) — 
( 1 /3 , 1 /4) , ( 1 /3 , 2/9 ) , and ( 1 /3 , 1 /5 ), respectively. 

Lemma 2.4. IfW is non-degenerate, then the group 

H:^ {(ai,...,a,) e {C*y\W{aixu...,a,xt) ^W{xi,...,x,)} 

of diagonal symmetries ofW is finite. In particular, we have 

H C jliiii^^ X • • • X jXdii^^ = kiTLjd x • • • x ktZ/d, 
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where jJ-i is the group oflth roots of unity. 

Proof. First write W — Lj=i with Wj ~ CjWxi' ' and with Cj ^ 0. The uniqueness of 
the fractional degrees is equivalent to saying that the matrix B = (bi j) has rank f . We may 
as well assume that B is invertible. Now write /i = (hi,... ,ht) G H, as hj — exp{uj + vji) 
for Uj G R is uniquely determined and vj G M is determined up to integral multiple of 
2ni. The equations W(hixi,. . . JifXt) =^W{xi,...,x,) can now be written as B(m + vi) = 
(mod Inilj). The invertibility of B shows that u/ ^0 for all / — thus H lives in t/(l)', and a 
straightforward argument shows that the number of solutions (mod IniZ) to the equation 
B{vi) = (mod IniZ) is also finite. □ 

W-spin structures on smooth orbicurves. Let (£,z,m) be a smooth orbicurve (or orb- 
ifold Riemann surface) as defined in Il20ll22l . i.e., (£,z,m) is a Riemann surface T, with 
marked points z = {z, } having orbifold structure near each marked point z, given by a faith- 
ful action of Z/m,-. In other words, a neighborhood of each marked point is uniformized by 
the branched covering map z z"''. Let p : E E be the natural projection to the coarse 
Riemann surface E. 

A line bundle L on E can be uniquely lifted to an orbifold line bundle on E. We denote 
the lifted bundle by the same L. 

Definition 2.5. Let K be the canonical bundle of E, and let 

Ku,g ■.^K®ff{z\)(S) • • • e{zk) 

be the log-canonical bundle, that is to say, the bundle whose holomorphic sections are 1 — 
forms holomorphic away from the special points {Z,} and with at worst simple poles at 
the Z,. Kiog can be thought of as the canonical bundle of the punctured Riemann surface 
E — {zi , . . . , Zk]- Suppose that Li , . . . , L, are orbifold line bundles on E with isomorphisms 
(Py : W/(Li , . . . ,L,) K\og, where by W,(Li , . . . ,L,) we mean the jth monomial of W in 
Li, 

w,{Lu....l,)^lT"®...,®C\ 

and where Kii„, is identified with its pull-back to E. The tuple 

(Li , . . . ,Lt,(p\, . . . ,(ps) is called a W-spin structure. 

Definition 2.6. Suppose that the chart of E at an orbifold point z, is D/ (Z/m) with action 

(z) — e^z. Suppose that the local trivialization of an orbifold line bundle L is (D x 
C)/(Z/m) with the action 

(1) e "I (z,w) = (e m z,e w). 

When V = 0, we say that L is Ramond at z;. When v > 0, we say L is Neveu-Schwarz (NS) 
atZi. 

A W-spin structure (Li , . . . ,L,, (pi , . . . , (p^) is called Ramond at the point z,- if the group 
element h = {exp{27tivi/m), . . . ,exp{2niv,/m)) defined by the orbifold action on the line 
bundles at z; acts trivially on all the line bundles occurring in the monomial Wj. In other 
words, the W-spin structure is Ramond if there is a monomial Wj = CjYlx'l"'' in W such 
that for every / with bi j > the line bundle L/ is Ramond at z;. 

Remark 2.7. If L is an orbifold line bundle on a smooth orbifold Riemann surface E, then 
the sheaf of locally invariant holomorphic sections of L is locally free of rank one, and 
hence dual to a unique orbifold line bundle \L\ on E. We also denote \L\ by p^,L, and it 
corresponds to the desingularization of L [4J(Prop 4.2.1). It can be constructed as follows. 
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We keep the local trivialization at other places and change it at the orbifold point Zi by 
a Z/m-equivariant map ^ : (D - {0}) x C ^ (D - {0}) x C by 

(2) (z,w)^(z",z-V), 

where Z/m acts trivially on the second {D— {0}) x C. Then, we extend L\[{d-{q})xC) 
to a smooth holomorphic line bundle over E by the second trivialization. Since Z/m acts 
trivially, this gives a line bundle over E, which is \L\. Note that if L is Ramond at z,, then 
|L| = L locally. When L is Neveu-Schwarz at z,, then \L\ will differ from L. 

Example 2.8. A smooth orbifold Riemann surface £ = (E,z,in) has a natural orbifold 
canonical bundle K^^, namely its (orbifold) cotangent bundle. The desingularization is 
related to the canonical bundle of E by 

On the other hand, the desingularization of the log-canonical bundle of E is again the 
log-canonical bundle of E, since Ki,jg is Ramond at every marked point (the orbifold action 
on dz and on z is the same, so it is trivial on dz/z). 

Next we study the sections. Suppose that i is a section of \L\ having local represen- 
tative g{u). Then, is a local section of L. Therefore, we obtain a section 
p* (i) G QP{L) which equals s away from orbifold points, under the identification given by 
Equation 12] It is clear that if s is holomorphic, so is p*{s). If we start from an analytic 
section of L, we can reverse the above process to obtain a section of \L\. In particular, L 
and \L\ have isomorphic spaces of holomorphic sections. In the same way, there is a map 
p* : ! (|L|) DP-^ (L), where DP'^ (L) is the space of orbifold (0, l)-forms with values 
in L. Suppose that g{u)du is a local representative of a section of f e il" ' (|L|). Then p* (f ) 
has a local representative z'''g{z"')inz"'^^dz- Moreover, p* induces an isomorphism from 

Suppose now that L' = Ki„g with the action of Z/m on L as in Equation ([T]). Since 
Kiog is Ramond at every marked point, we must have rv = Im for some /. The integer I 
is non-zero precisely when v is, and thus L is Neveu-Schwarz at z, if and only if / > 0. 
Moreover, we have v < m, so I < r, and of course ~ j- Suppose that s e i2'^(|L|) with 
local representative g{u). Then, p*{s'') has local representative z"g''{z"^) — z'"'g'^{z'") — 
u'g''{u). Hence, s'' € QP{Ki„g ® ff{{—li)zi), and thus when U > 0, or equivalently, when L 
is Neveu-Schwarz at every z,, we haves' en°{K). 

Remark 2.9. More generally, if L' = Kio^ on a smooth orbicurve with action of the local 
group on L defined by Z, (as above) at each marked point, then we have 

{p,LY ^\L\'- ^Kiog®ff{{-li)zi) 

locally, nearz, . 

Proposition 2.10. Let {L\ , . . . ,Lt) be a W-spin structure on a smooth orbicurve. Suppose 
that the local group of z acts onLj by exp{2Ki / m){z,w j) = {exp{2Ki / m)z,exp{2'Kiv j / m)w f). 
There is a unique element h G H such that exp(27tivj/m) = hj = exp{27tiaj{h)) with 
aj{h) G [0,1) for every j. Moreover, for every monomialWu we have 

I, . . . , |L,|) - /Tiog ® e{- ^ b,^aj{h)z) 
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near the point z- Letting hi define the action of the local group near zi, we have the 
global isomorphism 

k t 

Wi{\U\),...,\U\)^ Klog (g £ £ bijaj{hi)zi) 

l=\j=i 

k t 

^K^®&{-Y,Y.biMj{hi)-qj)zi). 
1=1 j=l 

Proof. The existence and uniqueness of h £ H is a straightforward generahzation of the 
argument for W = given above. The rest is an immediate consequence of the de- 

scription oihash = {exp{2niai{h),. . . ,exp{2niat{h)) and the description of \Lj\ in terms 
of the action of the local group given above. □ 

W-spin equations. For each monomial Wi, let D = — Y!i=\Y!j=\bij{aj{hi) — qj)zi be a 
divisor, then there is a canonical meromorphic section sq with divisor D. This section 
provides the identification 

where Kz{D) is the sheaf of local, possibly meromorphic, sections of K^, with zeros (or 
poles) determined by D. When at least one of the line bundles occurring in the monomial 
Wj is Neveu-Schwarz at zi, then D is not effective. So the local section of Kz{D) has zeros, 
and hence is a natural sub-sheaf of A^. In general, however, it is a sub-sheaf of Ki^g. For 
each marked point, there is a canonical local section * of Kiog. Using the isomorphism (pi, 
there is a local section f, of L, with the property W, (f i , . . . , f^^ ) = * . The choice of f, is unique 
up to the action of H. We choose a metric on Kiog with the property | ^ | = -jji • It induces 
a unique metric on L, with property \ti\ = |z|~*'. Using the correspondence between L, 
and |L;|, it induces a metric on \Li\ with the behavior [e,| = \i\<^iW-ii near a marked point, 
where is the corresponding local section of |L, |. In particular, it is a singular metric at 
any marked point where L is Ramond. 

As before, we assume that W = Y.Wi = T^iiciHi^i")- Let uj = ujej, then it is easy to 
see that 



(3) aii-^^'-^l^^-l • 

The bundle \Lj\ ^ is isomorphic to \Lj\ topologically. But there is no canonical isomor- 
phism. However, we can choose an isomorphism compatible with the metric. It induces an 
isomorphism /i : \Lj\ (g) A"'^) — > \Lj\ A*^'^), such that for a section v = ve'j, 
we have 

h {v^j<Sidz)=v\ e'j O dz, 

where e'j is the holomorphic basis of \Lj\~^ such that e'j ■ej = l. 

It is obvious that Ii is the unique metric-preserving isomorphism between the corre- 
sponding two spaces, and it is independent of the choice of the local charts. 

Since h{^) S Ki^g ig) \Lj\, the W-spin equation is defined below as the first order 
system of the sections mi , . . . , m^: 



duj+hl ^r— ] =0, for all 7 = 1,...,^ 
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Remark 2.1 1. The desingularization of the orbifold line bundle Lj induces isomorphisms 
pj : Cl^{\Lj\) ^^{Lj) and p* : OP'^ {\Lj\) OP'^ {Lj). It is easy to see that p* commutes 

with d and hence the above W-spin equations can be regarded also as equations de- 

auj 

fined on the orbicurve. However, we wiU study the W^-spin equations in the resolution line 
bundle \Lj\. 

Without loss of generality, we can assume that the surface E contains k disjoint closed 
unit disc Bi (z;) centered at marked points zi,l = I, - - ,k. Take a compact set C Z \ 
uf^jBg-i (zi) such that {Eo,Bi (zi), • • • ,Bkizk)} forms a cover of E. Let , • • • , be 
the C°° partition functions subordinate to the above cover. We define the weighted LP and 

norms of the section m, = in Bi (z/) as: 

lkiU = (/, WiWidzd-zi)'^' . 

\JBi{z,) ) 

\\ui\\x.p;BM)={\ ^\dui\ + \duiY)\eiY\dzd-^\ . 

On the interior domain Eq, the norm |e, | of the base e,- is not singular, we have the usual 
definition of Sobolev norm | |mj | [(yp^j^^ of m,. 

The global LP and norms are defined as: 



\ui\\p = WfpoUiWwnzo) + p;Bi (zi) ■ 

1=1 

k 

\ui\\l,p = \\(PoUi\\w[{Lo) + T.\\fl'^i\\l,p-J}l(z,)- 



1=1 

The weighted Sobolev space Lj'(E, \Lj\) is defined as the closure of C^(E\ {zi, • • • ,Zk}, \Lj\) 
under the norm 1 1 • 1 1 i,p and LP (E, |L^- 1 ® A''- ' ) is the closure of Cq (E \ {zi , • • • , z^} , 1 ® 
A"'^) under the norm 1 1 • | |p. 

Definition 2.12. Sections (mi , . . . , «,) are said to be regular solutions of the W-spin equa- 
tions 

(dw\ 

(4) ^"^■ + ^^(^J=0' 

if, for each j, we have Uj € L^(E, |Ly|), and/i(||^) €L^{j:,\Lj\ (gjA^'i), and {ui,...,Ut) 
satisfy the IV-spin equations almost everywhere. 

A regular solution is continuous near a Ramond marked point. Hence, it takes a value 
at a Ramond marked point, which we call the residue of the solution. 

The spin equation duj+I\{^,) = has different properties near the Ramond marked 
points and Neveu-Schwarz marked points. 

Let Uj = ujej be a local expression in a coordinate near a marked point z/. The l^-spin 
equation becomes 



(5) aM,^^awXai,...,«,)^q^^,^^(,^(,,)_,^) ,2 ^ Q 

az j oui 
If all the monomials of W are Ramond, then we have 
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(6) -^^ dWiu, A) l 

oz ouj z ■' 

In polar coordinates, this equation can be rewritten as 



(7) ^Kf + V^-^K + ^%^^^''-o. 

2 dr r do duj 

3. Key examples 

If all the marked points are Neveu-Schwarz, an easy lemma by Witten shows that the 
spin-equation has only the zero solution. This was the context people worked with on this 
subject for a long time. It was not clear that in the presence of a Ramond marked point the 
spin equation still should have only the zero solution. Indeed, for a while this was what 
people hoped for. In this section, we exhibit examples of infinitely many regular nonzero 
solutions of the A, _ i -spin equation degenerating to a non-regular solution. All the analysis 
in this paper was designed with this example in mind. 

We first start from local solutions of the A^- 1 spin equation. 

Example 3.1 (A local solution of the A^ i -spin equation near Ramond marked points). 

Near a Ramond marked point. Equation (|7]) becomes 

If we assume further that m is a real function and depends only on the radius p, then we 
have 



du 



r.r- 1 , 



= —2ru _ 
dp 

Now a special local solution is given by 

M = (r2(r-2)p^+C)"^^, 

where C is a positive constant. 

An easy computation shows that u G L'^ if and only if p < . 

Example 3.2 (Global solutions). Let (CP',3,z) be a marked sphere with two Ramond 
marked points and one Neveu-Schwarz marked point with trivial action e'^^'{z, w) = (z, w). 

We shall construct a sequence of global regular solutions of the A,-_i-spin equations. 

Let CP' = t/o U t/i, where Uq = {[Zo,Zi] |Zo ^ 0}. Let z = |^ be the affine coordinate 
in Uq, so the Fubini-Study metric is given by 

\/^ dzAdz 

CO - 



2n (l + |zp)2' 
So the induced metric on the canonical bundle is given by 

\dz\ = l + \z\\ 



In Uq the A, _i-spin equation is given by 



dz z 
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If we only consider the real-valued solution, then the above equation becomes 

duo ^ r 1 2 I , 2 

^--2rfi-'p7-i(l+p2)-7. 

Therefore 

It is easy to check that u = uq{^)^ is really a global solution of the A^- 1 -spin equation. 
Namely if we represent uhy u\ in the other local chart U\, then it also satisfies the A^-i- 
spin equation. Note that mq (z) — u\{z){—l)' int/oHt/i. 

One can easily obtain the relation: 

R = fi^O) + 5^(0) = «^(0) - ( r(-l3)^dT + Mo(0)-('"-2')-^ > 0. 

Jo 1 + T-^ T 

Thus, if — > oo(or mo(0) — > °°), then 

Mo(p) ^ [2r{r-2) f xT-\i + t2)-7^t]-7^, 
Jo 

which is not a regular solution of the r-spin equation. 

4. The d operator in Weighted Sobolev Spaces 

The Fredholm theory of elliptic operators in weighted Sobolev spaces has been dis- 
cussed by many authors (see |15|, ifTTl . l|T6l and references there). In this section, first 
we recollect the work of Lockhart and Mcowen for general elliptic operators defined on a 
noncompact manifolds with finite ends. Then as an application of their work, we list the 
corresponding Fredholm properties for d, while giving some useful estimates. 

4. 1 . Lockhart-Mcowen theory. Suppose X is an «-dimensional noncompact manifold 
without boundary, containing a compact set Xq such that 

X\Xo-{(a),T):a)ei2,Te(0,-)}, 

where il is a n — 1 -dimensional closed Riemannian manifold with a smooth measure d(0. 

Let E,F be rank-t/ vector bundles over X. Denote by C°°(E) the set of smooth sec- 
tions and Cq{E) the set of smooth sections with compact set. Choose a finite cover 
{ill, - • • ,i2Af} of coordinate patches of £1 and let Xy = iiy x (0,+oo). We can continue 
to choose a covering Xn+\ , • • • ,Xm of coordinate patches of Xq such that E can be trivi- 
alized over Xv, V = 1, • • • ,A^, • • • ,M. Let m = (mi, • • • ,M(/) be a trivialization of a section u 
with compact support over X^, we can define the norm 

d 

ll«llw/'(Xv) — L Lll^"«'ll<(Xv)' {D^-id/dx) 

\a\<sl=l 

where we use the measure dcodT if v — I, - ■ ■ ,N. Let (pi, - ■ ■ , (Pn+m be a set of C°° partition 
functions subordinate to the cover Xi, • • • ,Xn^m. We define a norm on Cq{E) by 

N+M 

Mlwf = L II'Pvm||<(Xv) 

v=l 
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and let Wf{E) be the closure of Cq{E) in this norm. We can add a weight at infinity to 
generalize this space. Over Xv,V = 1 , • • • ,N we define the weighted norm 

d 

a|<.s/=l 

and replace Wf (E) by Wf ,({E) whose norm is given below 

N+M N 

M\wi',^ L ll^vM|lwf(Xv)+ L II^vm|Iw/V(Xv)- 

v=Ar+I v=l 

Suppose A : C^{E) Cq{F) is a differential operator of order m and is translation 
invariant in T > 0. If li = 1, A has the form 

m 

where A"^^'>{(o,Da) is a differential operator of order m — <7 in O) e £2v 

If d > 1, then Ais ad x d matrix of differential operator of order m and each entry has 

the above form. Clearly A is a bounded operator from ^ to W''^. 
If the vector bundles E and F have the decomposition 

E = (Bj^^Ej,F^(sUF„ 

we can generalize the definition of weighted Sobolev spaces as 

Here i = (^i , • • • ,>?7),r = (ri , • • • ,r/) are multiple indices. 

The operator A is also decomposed into A,y : C^{Ej) C^{Fi) with order sj — n (if 
< ri, we let A,j = 0). Let A'^{x, ^) : Ex ^ Fx he the principle symbol of A. We say A is 

elliptic with respect to {s,r) if det{A'^{x,^)) 7^ for any nonzero (x,^). 

Spectrum. Let X = 12 x be the full cylinder and let 

E = (Bj^^Ej,F^(sUiFi 

are vector bundles over X with the same rank. Suppose 

A =A{(o,Da„D,) : Cq (£) ^ Co (^) 

be a translation invariant elliptic operator of order {s, r). Then 

A : ^ wUF) 

is a bounded operator. Here the weights in Wsk{E,) and Wyj^{F) are extended over 
Ellipticity and analyticity in A can be used (ISIO) to show 

(8) A{co,D^,X):HP{E\^)^HP{F\£l) 

is an isomorphism whenever X g C/*^, where is the spectrum of A(a),D(o, A). De- 
note its inverse by Ra{X). It is know that there are only finitely many spectrum points in 
any complex strip {A : K"i < Im{X) < K2} and the eigenspace of each spectrum point is 
finite dimensional. Denote by ii(A) the dimension of the eigenspace corresponding to the 
spectrum point A and let &a ■= {Ini{X) e M : A G "^j. 
Take / e C^{F) and consider its Fourier transformation: 

f{co,X)= / exp[-/AT]/(a),T)<iT. 
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If fc e M/^A> then the operator 

(9) A^V(a),T) = -^ / tMi^x]RA{X)f{(o,X)dX 

2.% JlmX = K 

is a bounded operator and is the inverse operator of A. We have the estimate: 

(10) \\u\\y,P^<C\\Au\\^P^, 
where C is constant. 

A priori estimate. Returning to the vector bundles E and F over X, we double their restric- 
tions to i2 X M+ to define E and F on X. Using the parametrix method we can obtain the a 
priori inequality for any (f e R: 

(11) II"IIw/',<C(||Am|| P +||m||,^,; ){s)<sj) 

Fredholm theory. The a priori estimate is not enough to establish the Fredholm theory, 
since the embedding WjJ ^ WIIk is not compact. 

Let Xi = Xo U {(o,t) : (o e Q.,0 < r < I}, (pi e Cq{Xi), with = 1 on Xq. Let 
^ = 1 - ^1. By ([Tol l and (fTTT i. for any K eR\'^A and u e W/;'^. we can obtain 

\\u\ Iv^P < Ci\\(p2Au\ \^r^ + I I^iAmI 1^,.^ 

+ 1 1 [91 lw,P^ + 1 1 ['P2'^]«l Iw,?^ + I Iw,^) 

(12) < C{\\Au\\^P^ + 1 1 [(pi , A]m| \^,,^ + 1 1 [(p2,A]u\ \wi:^ + \\(piu\ 

The above inequality shows that A has finite dimensional kernel and closed range. Fur- 
thermore, Lockhart and Mcowen ( Ill6i ) proved the following theorem 

Theorem 4.1. Suppose A is elliptic with respect to {s,r) and is translation invariant in 
T > 0. Then we have the following conclusions: 

(1) There is a discrete set '3 a C M such that the operator 

A : Wl^^[F) 

is Fredholm if and only ;/ K" S M \ 

(2) For ffi , JC2 e M \ with Kx < K2, there is 

iK^{A)-i^,{A)=N{Ki,K2), 

where i^j is the Fredholm index of A : W/^^. (£) W,^kj{F) and N{ki,K2) := 
I^{<i(A) : A G with Ki < Im{X) < K2}). 

In general, X may have multiple cylindrical ends. Assume that there are k ends, X{j) = 
{{co,t) : CO £ Q.{j),T £ — Ir" where is n— 1 -dimensional closed Rie- 

mannian manifold. Then in different ends we can choose different weights K. Let K = 
(fc(l),--- ,i({k)) £ M*^ be the weight vector, then in the same way, we can discuss the 
weighted Sobolev spaces Wf^^^E) and W^^iF) ™d the differential operators between them. 
LetA(y) —A\xi^jy Similarly we can define the corresponding quantities A (j) £ 'i^A(j)T^Aj,d{X{j)). 

Define &a = {(k'(I),--- jK-^) '■ for at least one j,K{j) = Im{X(j)), where X{j) £ 
^^A[j)\- Define K\ < K2 is equivalent to K\ {]) < K2{j) for any j. Let 

N{kuK2) := l^idiXU)) : A(;) £ (Q(;)) with KiU) < I'n{X{j)) < fCzO')}- 
Lochhart and Mcowen( lfT6l ) had the generaUzation 
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Corollary 4.2. If A is elliptic with respect to {s,r) and is translation invariant in each end 
X{j). Then A : W,''^^{E) Wf'^{F) is Fredholm if and only ifKeR''\ ^a- If Ki,K2 <E 
\ i^nd K\ < K2, then the change of Freholm index is given by 

(13) i^^{A)^i^^{A)^N{K^,K2). 

Note that when k > \, &a is not a discrete set but the union of (k— \)-dimensional hyper- 
planes in JR*^. 

4.2. Fredholm theory for d operator. In this section, we will prove some a priori es- 
timate of the d operator and then apply Lockhart-Mcowen's theory to the d operator in 
weighted Sobolev space to show that (9 is a Fredholm operator under some mild assump- 
tions. However, we can't use those estimates of the last section directly. When trans- 
formed into cylindrical coordinates z — e"'"'^, the norm || • ||i.p is not equivalent to the 
norm 1 1 • | I^^/p . So we have to deduce our required estimates. 

Let du — f, where / S (7°{B\{zi),\Lj\ (gjA"''). Choose cylindrical coordinates {z = 
e"'-'^). Let 



/ = fej ®dz^ -fe'^-'cj ® {dt - V^dO). 
Using cylindrical coordinates, the equation becomes 

da I — -du 



(14) ^^ + ^-^^^ = -2/^"" 

Since 1 1/| \p < oo, this is equivalent to 

r27c 



\f\Pe-P(''j('"'>-1j^'-^'dtde < oo. 
Let ajj — aj{hi) — qj + j, then the integral becomes 

\fe-"jJ' \P <oo. 



JQ Jo 

2 



A special solution u^. Extend / symmetrically to {—°o,°o), and we get an equation of the 
form ( fT4l ) defined on the whole real line. 

The operator d'-^ := j{d, + y/—ldg) is translation invariant, and the spectrum of the 
eigenvalue problem (/A + \/—Ijq)(P = is /Z. If K" ^ Z, then by the result of last section, 
we can construct the inverse 

which satisfies the inequality 

(15) llfi.llw," <C\\2fe-'\\„P 



"Q.K 



For convenience, we let u^ — UsCj = Qs o (/). 
Now choosing K—1 — —ajj in ( fTSl l. we have 

\u,J^-"j'^'\Pdtde<C / \fe-"j-i'\p. 
So 

/■27r , , > , f2^ 



r [ \u,e'\Pe-P^''j'^'"^-lJ>-^'dtd9 <C r [ \f\Pe-P("Al'i)-lj)'-^' 
J-oo Jo Jo Jo 



dtdd. 
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which induces 
(16) 



l-l 

Bi(0) Z 



\dzdz\<C \f\''\dzdz\. 
On the other hand, by ( fTSb we have the estimate of derivatives: 



B,(0) 



271 



JO 



(17) 



{\dia,\p + \dgas\''e''')e-p'^"j('''^-'ij'>'e-^'dtde 

\\d,a,\P + \deu,\P)eP^^-"j-'^'dtdO 
<C f \f\"\dzd-z\. 



JO 



(18) 



For the estimate of the L'' norm of m, , we have 

/ |m I" = / \u\Pe-P"'J' < I ImI < c / I/I". 

J Jslx(OH Jslx(0,<x.) J 

Combining ( fTTl ) and ( fTSI ). we obtain 

(19) 



Now we apply the ordinary Sobolev embedding theorem to the function fiyr'^, where 
c :— Cj I :— {aj{hi) — qj), to get the weighted Sobolev embedding inequalities for u^. 
If p < 2, then for 1 < o < 

Z p 

\\ay\\^y, <C\\u,r'\\^P 



<C{ /|5,(«,0|/' + l 



1 



Ifi.vl'O'-'''' 



< ci^J{\dAr + ^\deas\'y' + \aA'r''j = C||«,||i,p, 

where the third inequality comes from the relation ( fT6b . Particularly, when p = 2, we have 
for any 1 < ^ < oo, 

ii«.ii,<ci|m,iii,2. 

If p > 2, by similar argument we have 

||m.s||c« < c||Mi||i,p, 

where < a < 1 — ^. 
In summary, we have 

Lemma 4.3. If f £ LP{Bi (0), |Ly | ® A"'') for p satisfying the condition aj j — aj{h[) — 
qj + 2/p'^'Z,, then the special solution — Qs° f satisfies the following estimates: 

(1) if \ < p < °°, then 



(20) 



l«s||l,p;Bl(0) + II yIIp;B,(0) < C| |/| |p;B((o); 



p 
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(2) ifl<p< 2, and 1 < q < then 

(21) I|m4||?;Bi(o) <C||m,||i,p;Bj(o) <C||/||p;B,(o); 

(3) if p>2, and < a < 1 - |, then 

(22) ||fiy||ca(B,(0)) <C||m,||kp;B,(0) < C||/||p;B,(0), 

where c = aj i — qj. 

Estimate of the homogeneous solution. Let u = Uej satisfy du = in B[{0), so we have 
5 m = 0. We have the interior estimate 

I|m||i^'(Bi(o)) < C||M||iyj(a+(o)),Vi > 0, 

where B'^{Q) is a ball which is a little bit larger than Bi (0). 
Let p > I, then for sufficiently small s > we have 

<c(||«rkr)'=c||«||-;, 

Therefore, for any ^ > and small s > 0, we have 

(23) l|M||w^'(iJi(0)) <C\W\\p;B+{0]- 

Actually, we have a refined inequahty 

(24) I|m|Iw^'(Bi(0)) < C||M||p.B+(o)\B((o), 

2 

since |m| is a subharmonic function and we can use the maximum principle. 
By the Sobolev embedding theorem, we have 

ll"llc*(Bi(0)) ^<^II«IUb+(0)\Bi(0)''^^- 0- 

2 

Now using the norm estimate, it is easy to obtain the following lemma. 

Lemma 4.4. Let du — and u e L'^(Z?[^(0), \Lj\) for p > L We have the estimate: 

(1) for any k>0 and I < q < °°, there exists a C such that 

2 

(2) if c > 0, then for I < q < °°, there exists a C such that 

M\uq;Bi(0) < CllMllp-aKoys, (0)- 

2 

(3) ifc < 0, then for 1 < q < there exists a C such that the above inequality in (2) 
holds. 



Combining Lemma 1431 and \4A\ we have 

Corollary 4.5. Ifc > at zi ~ 0, then for 1 < p < 2/(1 — 5j), where 5j = mini-cjiyo{c ji), 
there is 

(25) 1 1 M 1 1 1 ,p;Bi (0) + 1 1 ^ 1 1 (0) < C| I M 1 1 1 (0) . 
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Proof. For any u G L'[{Bi{zi), \Lj\), there is a special solution Us such that dus = du and 
satisfies 

\\u^\i,p-Bm + \\~\\p:Bm <c||5M||p.B,(o). 

On the other hand, we have d{u — u^) ~ 0. So by Lemma l4!4l 

||m-m,.||co < C\\u~u,\\p. 



Therefore when c > we have 

p 





U — lis 


L. 


z 



zr<c\\u-us\\p[ kr(-'+^)<cii«iii,p. 



This shows that 



|-||p<ll^l|p + ll^ll.<c|H|,,, 

z z z 



□ 



The following lemma is useful in proving inner compactness. 



Lemma 4.6. Ifc<0, then for I < p < °° and any u = ucj G L^(Bi(0), \Lj\) satisfying 
m(0) ~ 0, there is 

ll«lll,p;Bi(0) + l|-|lp;Bi(0) < C| |m| |i,p;B((o). 

Proof. This lemma is an easy consequence of the following Hardy inequality (lEl): 



p 


7 


e~p + l 





\f'{t)\pt'dt, 



for any / e (O,oo),lim,^o/(r) = and p-\. □ 

Lemma 4.7. Letdu^f in B+{Q), where u e Li'{B'l;{Q),\Lj\) and f G LP{Bj{Q), \Lj\ (g) 
a"''). Then u G L^{B^[Q), \Lj\) and the inequality 

(26) I|m||i,p;Bi(0) <C"(^||M||p_B+(0)\B^(0) + ll/llp,B+(0) 

holds if the following two conditions are satisfied: 

• ajj — aj{hi) ~ qj + 2/p ^ 

• either c>0, l<p<°°orc<0, l<p<—. 

Proof. Under the assumptions on the parameters c and p, one has 

ll«lll,p;Bl(0) < II«-«s||i,P + I|m.^I|i,P <C(||M-M.v||p_B+(0)\B,(0) + ll/llp) 



1 



< C{\\u\ lp,B+(0)\B , (0) + 1 Ip + I I/I Ip) ^ CiM\p,Bt(0)\B 1 (0) + I I/I \p,Bt(0))- 
1 1 

Now by the above lemma, it is easy to obtain the following global estimate. 



□ 



Lemma 4.8. Let du = f on E, where u G L''(E, \Lj\) and f G \Lj\ (g) A°-'). Then 
u G and the inequality 



(27) I |m| < C(| |m| |^p(mjt,B 1 [z,]) -^WM \p) 

I 

holds if the following two conditions are satisfied: 

• if aj i — aj{hi) — qj + l/ p ^ l^for any Z = 1, • • • ,L 
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either \ < p < °° in the case that cji > at all marked points, or \ < p < — if 



inui Cji ^ \j ui all murKCU points, or i <^ p <^ ^ 

Cji <0 at some marked point. 

Now by the previous result, we will show below that d : \Lj\) -^L^CL, \Lj\i^A^'^) 
is a Fredholm operator. 

Under the coordinate ti-ansformation z — e^'^'^, the neighborhood of a marked point 
Zi can be viewed as a half infinite cylinder. We can define the weighted Sobolev space 
W^K-iip) ^s inl^st section on = {S^ x [0,oo)), where Kjj{p) = -ajj = -aj{zi) + 

qj — 2/p. Similarly we can define the global space Wl^^^^-^(T. x C), where K{p) = {kji {p), ■ ■ ■ , Kjii{p)). 
Also we have the expression: 

d = -^-e'-'^id. + V^dg). =: -e'-'<'d'''. 

When changed to the cylinder coordinates, the space L^iBi (z/)) is equivalent to the space 

IImIIw",^ 



= { (|M|''e'^^-'''') + (|5,M|'' + |5e«|'')e(>+'^^'')'''}'/''. 



Now it is easy to see that the map d : Lj'(E) — > L''{T.) is equivalent to the composition 
of the two maps 

Since the map —e'^'^- is an isomorphism, hence d is Fredholm iff d''^ is Fredholm 
and index(5) = index(5''^ : W'/'i+^fp) ^ ^oi+Kip)^ Lemma 148] shows that d'-^ has 
finite-dimensional nullspace and closed image. If K{p) ^ Z^ then by Theorem gj] 5'" : 
^ii+K{p) ^oi+K{p) is Fredholm, in particular the image ^''^ (^i''i+k:(p)) finite- 
dimensional cokernel. Since W/^j^^j^,, - Ki+K{p)'^K,i+K{py ^''^ iKi+K{p)) ^^^o has 
finite-dimensional cokernel. Therefore we proved that d is Fredholm under the assump- 
tion for p. 

Boundary value problem and index computation. To compute the index of d, we need the 
index gluing formula and consider the related boundary value problem. 

Let zi be a marked point, and consider the restriction of the bundle \Lj\B on the disc 
Bi{zi). Assume that -Bi(z/) x C — > |L,|b : (z,w) — > ^i{z)w is a trivialization such that 
Wl{e'^)M. forms a totally real bundle on Sj ~ dB\ [zi). Define the space 

Lf{l) {« e : u{e'') e ^>i{e'')R}. 

Under the (f , 0) coordinates, this space is equivalent to W'/'I+k: , which is the subspace 
of W'/'j^j^^ satisfying the boundary value condition Ci{e^'^) G ^/(e'^)M. Similarly, one 
can define the space Wl'f_^j^,^. Also we can define the space on the interior 

{u e Wi"(E\U/Bi(z/));M(e''') e for e''^ e Sj}. 

The above complex Sobolev spaces can be viewed as real Sobolev spaces of real 2- 
dimensional vector functions and the Cauchy-Riemann operator d becomes a real linear 
Fredholm operator By totally the same way as in the appendix of [MS], one can prove the 
index gluing formulas: 
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Lemma 4.9. (1) index(5'-'' : W{\^^ ^ K.i+k) = ^ndex{d'-^ : W/''^(/«n) ^ W^iinn)) + 
(2) mdex{d' '^ : ^ %''i+,c) = index(a'" : Wf "^(/nn) ^ Wj'(/nn)) index(iy/ 

Theorem 4.10. If I <P<^ and aj{hi)- qj + 2/ \,2for any I, then d ■.Vl{l.,\Lj\) 

LP{T,, \Lj \ (g) a"'') is a Fredholm operator. In particular, if 2 < p < 2/{l — dj) we have the 
relation 

index(5 : L[(i:, |L,|) ^ L''(5:, |L,| ® A"'!)) = 
index(a'-« : ^ <i+ J : Cji < 0} 

one/ the index is independent of p in the interval (2,2/1 — 5j). 

Proof We have already proved that d : L'((L, \Lj\) LP(L, |L^| (g) A^'^)) is a Fredholm 
operator if I < p <2/qj and aj{hi) — qj + 2/ p 1,2. Since the index of d is equal to the 
index of d'-^ : W(\^j^ ^q\+k' Lemma l4~9l we only need to compare the index of the 
operators d'-^ : Wff_^^,^ — > ^oi+k i d : Wl'f_^^,^ ^oi+k i ^^^^ marked point 
zi. Corollai-y 133] shows that if 2 < p < 2/1 - 5/ then Wf ^^^.^ = W/'i^^^.^ n Wj';^^^.^ = 
^/ i+K- ;■ Therefore near marked points with cji > 0, the two indices are equal. The rest 
case is to compare the indices near marked points with cji < 0. 

If Cji < at z/, we have < 1 + / < 1 if 2 < p < 2/g'y. If p > 2, we have the inclusion 
^oi+K-i ^0 which implies that 

coker(5'''' : Wj'f^,^^ - W^,^^^) = coker(5'-'' : W/:f+,^, - W^^.^,^,). 

On the other hand, since the group action is trivial for the resolved bundle \Lj \ x 
[0,oo), the localization ^/ obtained by resolving operation satisfies ^;(e'^)R = M. Thus 
if M G ker(5''® : Wfj^^^ Wq^^^_^), then u\^i ^^qj is a real function. In particular a real 
number is an element in the kernel. By Lemma l4~6l we know that 

^u+.,, n {« e c{s' X [0,-)) : uH = 0} = 

So combining those consideration, we have 

index(a'''' : Wff^^^ ^ - ,) = index(5''« : Wj'f^,^ ^ -> W,^,^,^ ^) + 1. 

By Lemma l4!9l we obtain the conclusion. □ 

Remark 4.1 1. In Theorem 14. 101 we only proved an index transformation formula for 2 < 
p < 2/(1 — 5;) and have not considered the case for general p and not computed the con- 
crete index. One reason is that the moduli problem we consider is based on orbicurves — not 
the resolved curves, for which we can't do the gluing operation. However the analysis on 
resolved curves is more understandable, and the result is easily translated into results on 
orbicurves. Therefore, we concentrates only on the analysis of resolved curves. 

5. Inner compactness of the solution spaces of W-spin equations 

In this section, we will discuss the compactness problem for the W-spin equations. We 
will prove if R, the sum of the residues of W (mi Mr) at each Ramond marked point, is 
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finite, then the corresponding solution space is compact, hence the so-called "inner com- 
pactness" holds. However, as shown by Example 13. 21 if R is infinite, then the space of the 
regular solutions is not compact. The singular solutions of the W-spin equations should be 
added to compactify the solution space. 

Above all we prove that the regular solutions of the W-spin equations lie in space for 
some p > 2. 

Denote by /",(«) the nonlinear term of the W-spin equations (|4]i. Then m,- = m, ^ + (m, — 
Mj-,j), where m/ s — —QsoPi{u) is the special solution we constructed before. We have the 
estimate by (2) of Lemma |431 



(28) \\uu\\y;BAz,) <C\\uu\\u2;B,{z,)<C\\Pi{u)\\2-B,iz,), 

for any 1 < ^ < oo. On the other hand, m, — m, ^ is a meromorphic section with a possible 
singularity at the marked points. Since m, — m,.s e L\, by the restriction of integrability, 
Ui — Ui s should be a holomorphic section by (1) of Lemma l4~4l 
There are two cases: 



(1) if c,Y > 0, then by (2) of Lemma l4r4l m,- — m, , is L"? integrable for any q with 
1 <q <°°. 

(2) if c,Y < 0, then by (3) of Lemma 1441 m; — m, , is L'' integrable for 1 <q < ^. 



So, at least m, is U' integrable for 1 < ^ < = 1, . . . ,f. Moreover, by Lemma l4r4l we 
have 

(29) \\ui- U^W^^Btizi) < C\ \ui - M,- ,| |2;B, („) < C(| |m,-| |2;B, („) + I |mLv| |2;Bi(z,)), 

for 1 < q < = l,...,f. The inequalities (|29] l and ( |28] ) induce 

(30) <C(||«,-||2;B,fe) + II^K«)ll2;B,fe))' 

fori <q< l,...,f. 

Remark 5.1. We can use the global L'^-estimate of the d operator in weighted Sobolev 
space to get the estimate of the norm, but the classical Sobolev embedding theorem 
can't be used here to get the estimate of the L'^ norm. 



We estimate the norm 



dW 



P 

for some p > 2. For simplicity, we take a monomial W/. 

p 

Since T.jbijqj — 1, we have bijqj < 1 for each j. Choose p, e such that < e < qi,2 < p 
and p{l - e) < 2. 

If bii 7^ 1, we can choose the Holder index group 

1-e l-£ l-£ 1- 



>/I?r"'' {bli-i)qi'"'' bi,q, ' qi-e, 
for small e such that each entry greater than 1 . By the Holder inequality, we have 



dWi 


' -f 


dui 


p:Bi{zi) J 



-(/'"''"j ...i^J\ui\—] ...il\ur\—] — 

(31) <C(||«,-||2,||f,-(«)ll2)<-. 
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If bli = 1, we use, instead, the following Holder index group to obtain the analogous 
estimate: 



1 — e 1 — e 1-e 1-el-e 
bnqi ' " ' bii-iqi-l ' bii+iqi+i ■ " ' bi,qt ' qi-e 



Thus, if we let 5 — m\n{qi, . . . ,qt} and choose 2 < p < then ^ is V integrable 
for any i. Combining the interior estimate and the estimate near the marked points, we 
obtain 

Lemma 5.2. Suppose (mi, . . . ,m,) are solutions of the W-spin equations 0, then Ui is 
integrable and ^ is LP integrable for 2 < p < '^^'^ there is the estimate 



\ui\\i,p < C \\ui 



dW 



dui 



dw 



dui 



where C(| |m,H2, | | ^ 1 12) is a constant depending on the norms | |m!| I2, and 



Corollary 5.3. Suppose u is the solution of an r-spin equation, then u is smooth away from 

T- 



the marked points and is LF^ integrable for 2 < p < ^ 



By the above lemma and using the classical Sobolev embedding theorem near the Ra- 
mond marked points (since in this case the weighted norm control the classical norm), we 
know each Uj is continuous at marked point zi with c,-/ < and have the estimate: 



(32) \iii\co < C||M,-||^P(g^(,.^jj < C||m;||i 

Therefore, we can give the following definition. 

Definition 5.4. Suppose that z is a Ramond point and Wj is a Ramond monomial in W, 
then for sections Ui,i = 1, . . . ,f, W/(mi , . . . lies in the log-canonical bundle Ki^g. Then 
ResW; at z is defined as the coefficient of the base y. If locally we have the representation 
Ui = M,e;, then ResW;(Mi, . . . ,Mr)|j = Wj{Cii{z), ■ ■ ■ ,Cit{z))- 

Further estimate of the W-spin equations 

Consider the following integral 



L2 



over E. 

We will show that the Neveu-Schwarz marked points and the Ramond marked points 
have different contributions to the integral. For simplicity, we assume there is only one 
marked point on a smooth curve E. 
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1 . Assume at this marked point zi ~0 that the monomial Wj is Ramond, then 

LCd'^iM^))L2(L)^li^X^duiM^))L2iZ\B,{0)) 



£^O^Jz\B,iO) dz dui z 

1™L / -^zAaff^ (since *(|e;fe, =e9) 



J dz dui z 2 

\/ l" f ^ 1 

£^0 2 J dz z 
= lim^ [ ■ ■ ■ ."r) ^^ ^ -nWj{ai{Q),. . -MO)). 

e^O 2 JdBeiO) Z 

2. Assume at this marked point that Wj is Neveu-Schwarz. Furthermore without loss of 
generality, we can assume that for 1 < ; < f/ the bundles |L, | are Ramond and for f; + 1 < 
J < f the bundles |L, | are Neveu-Schwarz. 

We have 



dui J dz dui 



: lim - nWj{ui iz),...,ut (z) )z^''=i . 

z^O 



If 1 < / < ?/, then fl, (/!o) = 0. the Cf* norm of m, is controlled by inequality ( |32] |. If f/ + 1 < 
! < f , c,o < and a, (/!o) > 0, we still have the control of the norm by (l32T i. Assume that 
f; + 1 < ' < f and c,o > 0. By Corollarvl43] if 2 < p < then 

i Oj 



Wi\\l,p-B,{0) + \\j\\p,Bi{0)<C[ \\ui\\2, 



dw 



dui 



This is equivalent to 

(33) 



l<(B,(0)) 



<C ||«,||2, 



dw 



for c,o > 0. 

By the Sobolev embedding inequality, we have 



Therefore, 



l«Kz)'-'"'lcO(B,(0)) <C ||M,i|2 



dui 



dw 



dui 



|HO-(«i(z),...,«,(z))z^-'^^'("^("«»| 
^,1, 11 dw 

< C \\Ui\\2, 



So we have 



dui 



^min,, + i<K,{a/{/!o)-9i} 



dWj_ 
dui 



= 0. 



L2 



If E is a nodal curve, then by a similar argument, we can prove that the nodal points 
make no contribution to the integral. 
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In general, if there are multiple marked points, one has 

^-^ L L Wjiui{zi),...,u,{zi)) 

Z( :Ramond j : Wj isRamond 

= -71 ResH^y(Mi, . . .,ut)\zr 

zi :Ramond j'.WjisRamond 

Let/? L^,:«„„wIi:W,««am™rfResW;(Mi, . . .,u,%, then we have 



l2 



= ^ idui,dui+Ii i ^ 



\du\\\-nR. 



Therefore, we obtain 
(34) 

and so 

(35) 



i\\2 



dw 



dui 



L2 



nR. 



nR. 



Theorem 5.5. Suppose that Ui,i = 1, • • • ,f , are regular solutions of the W-spin equation. 
LetR := Y,-„:Ra,nondl.i:WjisRamondResWj{ui, . . . ,M,)|z,, then we have 



i\\2 



dw 



dui 



7tR. 



Corollary 5.6 (Witten's lemma). Assume that W is non-degenerate. If all the marked 
points on E are Neveu-Schwarz points, then the only regular solution of the W-spin equa- 
tion is the zero solution. 

By inequality ( |33] ). we obtain the following proposition about the smoothness of S, at 
the marked point zo with c,o > 0: 

Proposition 5.7. Assume zo is a Neveu-Schwarz point of \Li\ with c,o > 0, then iii\z\"'^'^°^^'^' 
is continuous at zq. 

Controlling norms of m, by R 

Our aim is to control the suitable norms (Sobolev norms or Holder continuous norms) 
of the solutions m,- by R, the sum of residues of W at Ramond marked points. 

Theorem 5.8. Let W G C[xi , . . . ,jc„] be a non-degenerate, quasi-homogeneous polynomial 
with weights qi := wt(x,) < \ for each variable Xi, with i— l,...,n. Then for any n-tuple 
(mi, . . . ,M„) e C" we have 



dw 

dxi 



(mi, . . . ,u„) 



Si 



where 8i = 



and the constant C depends only on W. If qi < 1/2 for all i S 



{1, . . . ,«}, then 5i < 1 for all i d {!,■■■ ,«}• Ifli< 1 l^for all i Cz {I, . . . ,«}, then 5/ < 1 
for all i ^ {!,...,«}. 



An immediate corollary is the following. 
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Corollary 5.9. Let W e C[x 1, . . . ,x„] be a non-degenerate, quasi-homogeneous polyno- 
mial with weights qi :— wt(x,) < 1 /2. // (mi, . . . ,u„) are regular solutions of the W-spin 
equations, then Ui is integrable and ^ is LP integrable for 2 < p < yr^, <^nd we have 
the estimate 

dW 



l«/Hi,p < c 



dui 

where C is a constant independent of Ui,for all i ~ 1 , . . . , f. 

The proof of the theorem depends primarily on the following. 

Lemma 5.10. For any non-degenerate, quasi-homogeneous polynomial W € C[xi , . . . ,x„] 
and any n-tuple ii , . . . ,s„ € C", the values (mi , . . . , m„) G C" that satisfy 

dW 

^r— («!,...,«„) =Si 
OXi 

also satisfy a quasi-homogeneous polynomial 

Pi{xi) e C[ii,...,5„][xi] 

whose highest degree term in x,- is constant ( that is, independent of sy, . . . , i„j. 

The polynomial pi corresponds to a sort of "resultant" of the polynomials /, :— ^ — 5,. 



Proof (of Lemma \5.10\ . Since W is quasi-homogeneous, the polynomials f :~ ^ —5, e 
C[jici, . . . ,jic„,si , . . . ,s„] are also quasi-homogeneous, of total weight 1 ~ qi, provided Si is 
assigned weight 1 — qi as well. Let X denote the closed subvariety of weighted projective 
space P?"^' , , > defined by the vanishing of all the f: 

x=z(/i,...,/„) cp2"-i , , 

Wl5 jjnj — (qi,....q„.l-qi,...,l-q„) 

Any point of X of the form (aj ; . . . ; a,; . . . ; a,,; 0; . . . ; 0) corresponds to a non-trivial solution 
of ^ = 0; thus the linear subspace 

£,:=Z(x,-,ii,...,i„) = {(fli;...;0;...fl„;0;...;0)}CPg-i 

does not intersect X when W is non-degenerate. 

The projection tt; from/s; to the subspace {(0; . . . ;x,;0; . . . ;0;ii; . . . ;5„)} i_g ) 

is a proper morphism of projective varieties, and thus the image ni{X) C P"^ ^ 
is a closed subvariety. Moreover, ni{X) is not all of P"^ y otherwise the point 

(1;0; . . . ;0) G P"^ j would have a point in X lying over it, and that would con- 

tradict the non-degeneracy of W . Consequently, ni{X) lies in a hypersurface defined by a 
quasi-homogeneous polynomial pi G C[x,-,si,...,s„], such that p,(l;0. . . ;0) is not zero. 

In particular, if we write as a polynomial in with coefficients in C[si, . . . ,s„], then 
the leading coefficient is constant — independent of si , . . . ,s„. □ 

Writing pi as a polynomial in x,, we have 

N 

PMi) = Y^ci{si,...,s„)x^'K 

1=0 

To bound the size of x, in terms of the sj, we must calculate bounds on the degree in sj 
of each coefficient c/. For each I, each term of c/ will be of the form as'^' ■ ■ ■ s"" for some 
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non-negative integers <Jj and for a G C. Since is quasi-homogeneous, we have 

Nqi = (A? - l)qi + ^ wt(iy)(7j 

j 

= {N-l)q, + J^{l-qj)aj. 
j 



So 

lqi> ^E*^;^min{l-^;}. 
Letting 5/ = jgj^;^, we have 

j 

This gives 

|c/(*i,...,*„)l<^(Lk;l + l)"' 
J 

for some constant K, depending on / and W, but independent of all sj . 

The following lemma is a simple consequence of the Gersgorin disc theorem and is the 
final tool that we need to bound the roots of the polynomial 

Lemma 5.11. For any polynomial f{x) — + L/Li o^ix'^^, and any N-tuple of positive 
real numbers Pi, . . . ,Pn, let D be the maximum of Pi/pi-i + Piai/pi^/ for N > I >2 and 
PiUi/Pn- Then the roots of f lie in the circle 

{\z\<D}. 

Proof. The lemma follows immediately from applying the Gersgorin disc theorem Q Thm 
6.1.1] to the N xN matrix BAjB^^, where B is the diagonal matrix B := diag(pi , . . . ,Pa?), 
and A/ is the companion matrix |7 , Def 3.3.13] of /. □ 

Applying Lemma 15. 11 1 with p/ = (^y \sj\ + l)'^' and / = /?,■ shows that the roots of pi 
ai^e bounded by 

|x,l<c(^^K,| + i^ 

for some constant C that depends only on W . This completes the proof of Theorem l5.8l 



Remark 5.12. The non-degeneracy of W is essential to the proof of Theorem 15.81 For 
example, if W — u^v^ + then both partial derivatives are zero for m = and v arbitrary; 
thus we cannot control v by the partial derivatives. 

Proof of Theorem ll.il 

Suppose that {«", . . . , m"} is a sequence of solutions of the W-spin equation 

Let u" = u"ei in a local coordinate. We will discuss the compactness of the solutions in 
two domains. 

(1). Compactness in the interior domain away from the marked points. 
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In this case, the W-spin equations have the following form: 



dW 

(fi«,...,Mf)(/)=0, 

where ^ is a C°° function. By Corollary 15. 91 we have 

ll«?llwf(mn) ^ Cr. 

Here "inn" means the inner domain which has a positive distance to those marked points. 
Therefore, by the standard argument of compactness, there exists a C°° function m,- and a 
subsequence u" (same notation as earlier) such that 

a" ~* Ui in and ordinary Wj^ norms, 

for any integer A; > 0. The m, are certainly solutions of the W-spin equations in the interior 
part. 

(2). Compactness near marked points. 

Let \Li\ is Neveu-Schwarz at zi with c,/ > 0. Then by CoroUarv 14.51 and Corollarv l5.9l 
we obtain 



p,Bi(0) 



(36) IImHIi.piBiIO) " 

for 2 < p < Y~ . This is equivalent to 

(37) ||«r'-^"ll<(fi.(o))<C«. 

Obviously this also holds for c,-/ = 0. 

Using the ordinary Sobolev compact embedding theorem, there exists a 5, such that 
Uir'" e C"' n Wq (ordinary q norm) for < a, < 5,, 1 <q <°°, and 

(38) M-r'" ^M,/'' inC"-', 
where < a- < a,-. 

If \Li\ is Ramond or Neveu-Schwarz at zi with c,/ < 0, the inequality ( l36t is not true for 
2 < p < so we can't use the same argument in this case that we did in the Neveu- 

I — o, 

Schwarz case. Let u"^ — —Qs°Pi{u"), since u"^{0) = 0, we have the decomposition 

«j' = «r-«^(o) + K-«L)(o). 

By Lemma 1441 

|«r(o)| = |(««-«L)(o)l<c|K-<,||2,«,(o) 

(39) <C(||<||2.B,(o) + ||<,||2,B,(o))<C«. 

So there exists a constant A, such that m"(0) A, (of course, we take the subsequence 
as usual). 

1 1 «r - < (0) 1 1 1 (0) < 1 1 «" I kp;B, (0) + 1 1 «r (0) 1 1 p,B, (0) 



On the other hand, if 2 < /:> < r^, we have 



<CR+[^J\z\-'^"'j \aim<CR. 

We show that the ordinary norm of (m" (z) — m" (0) )r^''' can be controlled by its weighted 
norm 1 1 • 1 1 i,p. Actually by Lemma [431 we have 
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||««(z)-««(0)r-'''||^P(«,(0)) 
<c(M{z)-um\\ i,p-MO) + 1 1 "^^'^7'^°^ I 



<CM{z)-um\kp-MO)<CR- 
By the Sobolev compact embedding theorem, there exists a subsequence and a function 
V, such that 

(iif (z) - M?(0))r-«' ^ v,T-«' in C«, for < a < qt. 
In particular, for every e > 0, there exists N such that for Biln> N, 

|Mr-«?(0)-v,|<er9'. 

Therefore, for all z e Bi (0), 

\u1{z) -Ai - vi{z)\ < e(l + < Ce, 

i.e., u1 Ai + Vi := m,- in C0(5i (0)). 
We need estimate the following term: 



dw dw 

|^K,...,M«)-^«,---,«r) 



<I 

P j 



(40) 



I 

j 



r)W r)W- 



Assume that |L,|, 1 < / < f/, is line bundle with c,-/ < at zi, where < t; <t, and |L,| 
is line bundle with cu > for i > /; + 1 . There are two cases which may happen for each 
monomial Wj: 

Case 1. If J > then 

^ {ay^' ay ) - ^ (ij^'r^" , . . . , a^r'" ) 



< 



(41) 



< 



dui 



^0 



{ui, ...Xr-- ■Xr'")- . . . . . ■,aT'-'") 



CO 



Case 2. If j < f/, then 



< 



(42) 



< 



"^0 



f)W- f)W 

-^{ui ...,u;,... ,uy")- -^{uT, . . . . . . ,m"V"') 
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Therefore, in either cases, we have 



dW dW 

ji(««,...,<)-^«,...,Mr) 

(J Mj (J Mj 



<I 

J 

(43) 



dWj 
dui 



-^—[Ui,...,u,^,...,Ufr ) ^— i^Mj , . . . ,M,^ , . . . ,M, r ) 



<L 

p j 
du. 



^K,...,<)-^«,...,«n 

O Mi (J Mi 



CO 



-l+S)p\ p 



< 



aw, 

du 



CO 



where 5 — min{<7i, • • • ,qt} and 2 < p < 

By Lemma I4r7] and (l43T l. we have for any 2 < p < j^, i > tf. 



K-«riii,p;5,(o)<c(^iK-«riu^(o)+ 

= c(||(«r-fir)r^"||„^^(B|(0)) 



aw (9W 

^M,...,o-^w,...,«r) 



P;B|(0)y 



aw, 



«y")-^(fi'r,---,C,---,«7V") 



aui ' aui ' 



CO, 



By the C convergence of for 1 < ^ < f/ and fi^r'*' for f/ + 1 < < f , we know that 
{m"} is a Cauchy sequence in l1{B\ (0)), and 



u" Ui in Lj 
dW 



dW 



dui 

for 2 < p < and ; > f/. 
If 1 < i < ti, we have 



— (m",...,m") ^ — (Mi,...,Mr)inL'' 



dui 



l«?-«rikp;B,(o)<C| ll«?-«,ni„.«+ 



?~"rilp;Bf(0)" 



dw 
a Mi 



aw 



I[, . . . ,M, 



mi 



= c( |(«f-«T)lco( /kr^'" 



aw, 

aM; 



. . . . . .,ay")- ^{a'i\ . . . • • • ,«T'-'") 



This also shows that {«"} is a Cauchy sequence in and 



u" Ui in Lj 

aw aw 

— («",..., O -> — (Mi,...,M,)inL'' 
aui dui 

fox2<p < j^. 

In summary, (mi , . . . , m,) is a solution of the W-spin equations in Bi (0). 



□ 
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6. COMPACTIFYING THE SOLUTION SPACE OF THE W-SPIN EQUATION 



As shown in Example 13.21 the space of the regular solutions may not be compact. To 
compactify this space, we need to add those solutions having a singularity at Ramond 
marked points. First, we give a definition of those solutions. 

Deflnition 6.1. The sections (mi, . . . ,Ut) are called the singular solutions of the IV-spin 
equations if Uj e Lj (E \ Ramond marked points) , ^ G Lj^^^ (E \ Ramond marked points), 
and they satisfy the IV-spin equations pointwise away from the Ramond marked points and 
are not regular solutions of the W-spin equations. 

To compactify the solution space in a suitable topology, we have to consider the asymp- 
totic behavior of the singular solutions near the Ramond marked points. First, we deduce 
some basic estimates of the general W-spin equations. 

Assume that is the unique Ramond marked point in 82(0) and that (mi, . . . ,M() is a 
singular solution in 82(0) — {0} of the W-spin equation. Let uj — Ujej, then locally the 
W-spin equation can be written as 



(44) 



dui dWj{iii 



dui 



If we set Uj = <PjZ^' "> , then an easy computation shows that the above W-spin equation 
has the following simple form: 



(45) 



dw 



dcpj + =0, for all j = 1 , . . . , f . 



Note that the (p/s are only locally defined, though their norms are well-defined in a 
neighborhood of the origin. 

First, by Equation (|45]) . we have the identity 



(46) 



dzW{(pi,...,(p,) = -Y, 



dw 



d(pi 



Since W is a quasi-homogeneous polynomial, it is easy to show 

(47) ^^,-xA,W = W(xi,...,x,). 

By Equation (05]) and Identity ( l47l i. we have 



(48) £^ia,-(p,-9, + W = 0. 
Taking the derivative of the above equation, we have 

(49) £ qidzdz(pi -(Pi + Y. \dz(p,\^+W = 0. 



By Equation ( |45] ) and ( |46l ), we obtain 



(50) 



dw 



d(Pi 
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Therefore, by Equation (DOb . we have the important equation for the norm N{z) := 



dw 



2 



(51) A(^^,|(p,|2)=£8(l-^,) ^ +L'^qi{\dzVi\^ + \dm\^)- 

i i i 

This implies the maximum principle (see[CW]). 

Lemma 6.2. For any p > 0,0 < 6 < 1 and any R > such that Br{z) G ^2(0) — {0}, 
Z e £2(0) - {0}, we have 

(52) sup N{z) < C f-1- / N{zr] ' . 

To get a pointwise estimate of the upper bound for the solutions, we need a uniform 
local integral estimate of N{z)- At first we will discuss the A^-i case, since it is simpler 
than the general case and we can get better estimates. Subsequently, we will consider the 
general W-case for W = W{xi,. . . ,xt) a non-degenerate quasi-homogeneous polynomial 
with all weights wt{xi) < 1/2. 

The A, 1 case 

If W x'', then the W-spin equation ( |45] | becomes the A^- 1 -spin equation: 

(53) (p. + r^''-^ =0. 

Lemma 6.3. Let (p be a solution of ( 1531 ) in 82(0) — {0}, then there exists a constant Cr 
only depending on r such that for any z(z B2 (0) — {0}, 

(54) \(p{z)\<Cr\z\-^ 

(55) \D"(piz)\<Cr\z\-^-^"^. 
Proof. Equation ( |46] l becomes 

(56) ((p'> + r2|(p|2('-i)=0. 

Let xjfP, for j3 > 0, be a cut-off function with support away from the origin. We have 

y"((p'-).V/'^+r2|(p|2(^-i)y,/3=o. 
Integrating by parts and using the Holder inequality, we have 
r2|(p|2('-i)y/i^ = [ (p'-fiy/'^-^xi/z 



< f \(p\'-i5xifp-'m 



Thus we have 



(57) J \(pf'-^'^w^ <Cr j / '^Wi 



2{r-\) 

, , , 2_ 
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Now we take j5 — ^t^j^ ™d choose \f/ satisfying the requirement that \f/=lmBi-\ (z), van- 
ishing outside B \,\ (z) and | Vy/j < A. Here z 7^ 0. Thus we obtain from jSTl the following 



T 



estimate, 

(58) / |(p|2('-i)<cJ \z\-J^=Cr\z\-^. 

Now the estimate (|58] l and Lemma |672l induce the required pointwise estimate. The 
derivative estimate comes from the scaling invariance of the A^-i-spin equation, i.e., for 
every e > the function (Pe{z) '■ — e'^^(ez) also satisfies the spin equation. □ 

By the pointwise estimate, we can get a uniform L'^-estimate: 

Corollary 6.4. Letr>3 and I <p <2{r- 2). If(p is the solution o/fO in ^2(0) - {0}, 
then (p is an integrable function in -62(0), and furthermore 

||<P||p,B2(0) <C, 

where C depends only on r, p. 

We can also obtain the Harnack inequality for |^|. 

Lemma 6.5 (Harnack inequality). Let Q <9 < \ be a fixed number, < e < 1. Assume 
that (p is a solution of the equation ( 1531 ) in -62(0) — {0}, then 

sup |(p(z)| <C(r,0) inf |(p(z)|, 

jGr(£(i-e),£) zeT{e{i-e).£) 

where T{e{l — 6), e) is the annulus with radius between e(l — 0) and e, and C{r, 9) is a 
constant only depending on r and 9. 

Proof. By equation (l53T l. we have (since (p 7^ 0) 

{log(p).^~r(p''-^(p-K 

Let 

1 f -r^'->-l(C)c/v 



n jT(i-e.\) Q—z 

then = -r^'->-\ for z G r(l-0,l). Since \(p{z)\ < C,-(l ~ 0)"^ for z € r(l - 

0. 1), then \-r(p''-^(p-^\{z) < Cr(l - 0)"'. Hence \g{z)\ < C{r,9), and g is a Holder 
continuous function in 7(1 — 0, 1). Let ^' = \og(p — g, then 

4>, ^ 0. 

Since ^ is continuous, 4^ is an analytic function. We have (p — e^e^ . Let ^ = e^, then 
(p = e*^, where g is Holder continuous and ^ is analytic. The following estimate holds: 

(59) |^(z)| < \e-^(p(z)\<C{r,9) e^. 

Since g is bounded, to prove the Harnack inequality for (p, we need only prove the Harnack 
inequality for ^. Now L — log |^(z) | is a nonnegative and harmonic function, so we have 
the gradient estimate: 

|V(L-log|'P(z)|)| <C(r,0)(L-log|1'(z)|) <C(r,0)L, 

1. e., |Vlog|'P(z)|| < C{r, 0), which impHes the Harnack inequaUty in T{1 — 0,1), 

(60) sup |^(z)|<C inf |1'(z)|. 

r(i-e,i) T{i-eA) 
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To prove the Hai-nack inequality in the annulus r(e(l — 9),e), we use the scaling in- 
variance of Equation ( |53] l. Namely, if (p is the solution of (|53] ) in r(e(l — 9),e), then 

(Peiz) £'i^(p{£z) is the solution of ( |53] | in the annulus r(l — 9, 1). Thus one can easily 
get the same conclusion in the annulus r(e(l — 0),£). □ 

Now by the maximum principle and the Harnack inequality, one can easily get a con- 
vergence corollary: 

Corollary 6.6. Let (p be a solution of the equation ( 1551 ) in 82(0) — {0}, then either (p{z) is 
bounded near the origin or lim^-^o 1^(^)1 = °°- 

The General W-case 

Take y/ as the cut-off function as defined in the A^-i case. Multiplying the two sides of 
Equation ( |46] | by xj/^ for j3 sufficiently large, and doing integration by parts in Z? : = B |,[ (z), 

we have 



(61) 



jwl5xifPd,xif = Z 





dw 


L 





or 



(62) 





dw 


2 r 




d(Pi 





Let 5i,i= 1 , . . . , f be the indices from Theorem l5.8l then we know that 5, = <7,/ min^j 1 — 
qj}. Define 5o = max,{5,}. Since we assume that qi = wt(xj) < 1 /2, we have 5o < 1. By 
Theorem |5.8| and ( |62] i, we have 



dw 



d(Pi 



d(pi 



Jb 





dw 


2 . 




d(pi 





Thus we obtain 
(63) 





dw 




d(Pi 



2 2^0 

xi/^<C\z\ '-«o+c. 



So if |z| < ro for some ro depending only on W, we have for any z G Brg{Q), 



(64) 





5W 




d(Pi 



2So 



Xj/P <C\z\ 
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By Theorem l5.8l Lemma l6l2l and the integral estimate (l64l l. we have 

So 



_ 25, 

(65) <C|z| ^0 



.... . > So 

<ci ' 



d(Pi 



'0 



The above inequality implies the following theorem: 

Theorem 6.7. Suppose W to be a non- degenerate quasi-homogeneous polynomial with all 
the fractional degrees ( or weights) qi < 1 /2, i — Let Ui,i= I,. . . ,t be the solutions 

of the W-spin equations in Bi (0) — {0}, then there exist constants r^ and C only depending 
on W such that for any z G B^^ (z) and all i, 

kiw<c|^r^ 

where Ki = 

Proof. Since W is a quasi-homogeneous polynomial, for any A G M it satisfies the equality 

W(A^'ijt;i, . . . ,X'"x,) = X''w{xi , . . . ,x,). 
Hence ^ is also a quasi-homogeneous polynomial satisfying 

(66) ^(A^'xi, . . .,X''xr) = X'-'-^ixu. ..,x,). 

dxj dxi 



Assume that (p,'s are solutions of the equation (145b . i.e 



dW 

59, + — = 0,V/== l,...,f. 
Set (pi :— X'^'(pi{X'^^^'^'z), and then we have 

= _A''-*'^((pi {X'-^''z), . . . ,(p,(A^-2^'z)) 
d(pi 

= -^(A^-' (Pi (A''-2'^'z), . . . ,A^'(p,(A''-2*^'z)) 
= - — (<p„...,<p,). 

Here, to derive the third equality, we used the relation ( |66l ). The above calculation shows 
that ^,'s are also solutions of ( |45] l. Thus by the inequality ( |65] ), there exists a constant C 
only depending on W such that for z E B,^ (0), there is 

Setting A''^^*' — \z\/ro in the above inequaUty, we obtain 

\(p,\<c\zn, 
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where Kj = jS^- Notice that |m,| = |m,|j — \ui\\z\ ''' — |^,|, and we ai'e done. □ 

Applying Theorem l6.7l to the A^-i case, we can recover the first upper-bound estimate 
in Lemma l631 since in this case the fractional degree q=\/r and K— l/(r — 2). Similarly, 
only by calculating the fractional degrees and (f,-, we can obtain the following pointwise 
estimate of the D„^i,E(,,E-!,E^ cases. 

Corollary 6.8. If {ui,U2) are solutions of the D„^i-spin equation 



I dui+hinul '+M^) =0 
I du2+h{2u\U2) —Q 

in Bi (0) — {0}/or n > 3, then there exist constants C and ro depending only on n such that 
for z G (0), there is 

\ui\<C\z\-^M2\<C\z\-"-^. 

Proof. This is bee ause the fractional degrees of the Dn+ \ polynomial are i , ?2 ) = ( ^ , ) 
and((fi,K-2) = (^,%i). " □ 

Since the E(,,E^ cases are the same as the A^-i case, we will only write down the 
corollary for the Ej case. 

Corollary 6.9. /f (m i , M2 ) are the solutions of the Ej-spin equation 



I dui+Ii{3uf + ul)=0 
1 du2+Ii{3uiU2) = 

in B\ (0) — {0}, then there exist absolute constants C and ro such that for any z € -Sro (0). 
there is 

\ui\<C\z\-\\u2\<C\zn- 
Proof. This is because the fractional degrees {qi,q2) = (5,5) and ( K"i , K"2 ) = ( 1 , | ) . □ 

Proof of Theorem 1 1.21 By Theorem l6.7l we have a uniform upper bound for the (regular 
or singular) solutions on d'Le- Then we can consider the following integral 

over minus some small discs around the Neveu-Schwarz points. This integral can be 
reduced to the sum of some curve integrals over the circles bounding the small discs and 
over (9E£. As in the proof of the previous section, the line integrals over the circles bound- 
ing the small discs will tend to zero as the radius tends to zero. Only the line integrals 
over dLe contribute. But by Theorem l6.7l we have the uniform pointwise estimate for any 
solutions (singular or regular solutions). So we have 

2 

2Xp 



dw 



dui 



where Q only depends on e. Now the same method used to prove inner compactness 
shows that weak compactness also holds. □ 
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Proof of Theorem 1 1.31 This follows from weak compactness and the fact that all the (reg- 
ular or singular) solutions are uniformly integrable in a small neighborhood of the Ramond 
marked points as shown in Theorem l6.7l □ 
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